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In this paper we prove a Mengerian theorem for long paths, namely, that if in 
order to cut every u-path of length at least n (n > 2), in a diagraph D, we need to 
remove at least h points, then there exist (h/(3n - 5)} interior disjoint uv-paths in 
D of length at least n. Some variations and applications of this theorem are given as 
well. 
1. INTRODUCTION 
In [3] Lovasz, Neumann-Lara, and Plummer considered a variation of 
Menger’s theorem for paths of bounded length. In this paper we shall study a 
mengerian problem for long paths. 
Let D be a digraph, S c V(D) and, U, u E V(D) - S. We shall write 
(u, S, u); (n > 2) iff every uv-path in D of length greater or equal than it has 
at least one point in S. 
Menger’s theorem asserts that if (u. S, v); implies /S] > h, then there exist 
h interior disjoint uv-paths. Our main result is the following theorem which 
generalizes Menger’s theorem: 
THEOREM 1. Let n > 2. If (u, S, v); implies 1 SI > h, then there exist 
(h/(3n - 5)) ’ t m erior disjoint m-paths in D of length at least n. 
In this paper we are mainly concerned with the qualitative aspects of the 
problem, therefore no big effort has been done to obtain tight bounds. 
Nevertheless, we have the following estimations. 
Let a,(D, U, v) be the maximum number of interior disjoint uv-paths in D 
of length at least n and let a,(h) be the minimum value of a,(D, U, v) over all 
triples (0, U, v) where D is a digraph, U, v E V(D) and (u, S, v): implies 
1 S] > h. We shall prove that 
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Michael Hager [I] has better estimations of a,(h). Namely, 
{(h + 2)/3} < a,(h) for h > 9 and {h/2} = a,(h) for 1 < h < 8. 
At the end, we will give some variations and one application of 
Theorem 1. 
2. THE PROOF OF THEOREM 1 
The purpose of this section is to give the proof of Theorem 1, thus proving 
that {h/(3n - 5)) <a,(h). At the end, we shall also prove that a,(h) < 
(h/(n - I)}. We shall follow Harary’s notation [2]. 
Proof of Theorem 1. Let t be the maximum number of interior disjoint 
uu-paths in D of length at least n. Let {T, ,..., T,} be a set of such uv-paths 
chosen in such a way that I(T,) + . . . + Z(T,) takes the minimum possible 
value. 
Let Pi be the set consisting of the first n - 2 interior points of Ti and Qi 
the set consisting of the last n - 2 interior points of Ti. Define P = uf= 1 Pi 
and Q= uf=, Qi. 
Let {Cl, c*,..., C,} be a collection of paths satisfying the following con- 
ditions: 
(1) u is the initial point of Ci, i = 1, 2 ,..., t. 
(2) Either Ci is the trivial path consisting of the single point u = Ui or 
V(Ci) n V(T, u . . . U TJ = (u, a,}, where ui E Ti - (Pi U Qi U {u, u}) is the 
endpoint of Ci, i = 1, 2 ,..., t. 
(3) v(ci) n V(Cj) = {u) for i # j. 
FIGURE 1 
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Let T; be the subpath of Ti with initial point ui and endpoint u and let T; 
be the subpath of Ti with initial point u and endpoint a,. Note that if 
f(Ci) # 0, then Z(Ci) > n - 1, otherwise replacing Ti by Ci U Tf we get a 
contradiction to the minimality of Z(T,) + . . . + I(T,). Let Ri be the set 
consisting of the first n - 2 interior points of Ci, if /(Cl) # 0 and let Ri = 0 
otherwise. Define R = tJ:=, Ri. 
Let us assume that {C, , C*,..., C,} have been chosen in such a way that 
l(T;) + Z(T;) + ... + Z(Rj) takes the minimum possible value. 
If r is a uv-path in D of length at least n which does not intersect 
PU Q U R, then by the maximality of t, r intersects (U:=, Ti) - {u, u}. Let 
a be the first point of r that belongs to V(lJ:=, (CiU Ti)) - {u, u}. By the 
minimality of Z(T;) + . . . + 1(T;), a belongs to V(lJ:, , (Ci U T,“)) - (P U R). 
Let A be the collection of all sets Z = {x, ,..., xt} such that xi E T: - (u, 2) 1, 
i = 1, 2 ,..., t. 
Let us suppose that t < {h/(3n - 5)). For every set Z E A, 
(PUQURUZI<t(n-2)+t(n-2)+t(n-2)+t=t(3n-5)<h, hence 
there exists a uu-path P, of length at least n which does not intersect 
P U Q U R U Z. Therefore I-, intersects U i=, (Ci U Ti) - (u, u} for the first 
time in (rz E V(lJi,, (Ci u T,“)) - (Pu R). Let r; be the subpath of r, with 
initial point a, and endpoint u. 
Let us consider the following subdigraph of D: 
D,= 6 (CiUTi)U u r; 
i=l ZEA 
Every uv-path in D, contains either Pi or Ri for some i, hence every uv- 
path in D, has length greater or equal than n. 
In order to separate u and u in lJ := 1 (Ci U T,), we need at least t points. 
Moreover, every separating set Z in t points belongs to A. Since rg! c D,, it 
follows that Z does not separate u and v in D,. Therefore, (u, S, Y)&, implies 
1 S( > t + 1. Hence, using Menger’s theorem, there exist at least t + 1 interior 
disjoint uv-paths in D,, each one of them with length greater or equal than n, 
contradicting the maximality of t. This completes the proof of Theorem 1. 
We now proceed to prove that a,(h) < {h/(n - 1)). As always, let D be a 
digraph and u, u E V(D). Define h,(D, u, v) = Min{ 1 S//S c V(D) - {u, u} 
and (u, S, v):} and let G9” be the collection of triples (D, u, v), where D is a 
digraph with u, u E V(D) which does not contain two interior disjoint uu- 
paths of length at least II, but does contain one such uv-path of length at 
least n. Furthermore, let h, = Max{h,(D, u, v)/(D, u, v) E gn} and let 
(D,, u, v) E g,, such that h,(D,, u, u) = h, . 
It is not difficult to prove that a,(h) < {h/h,} because if D,(h) is the 
digraph obtained by taking the union of {h/h,} copies of D,, say Of,, 
1 < i < {h/h,}, with V(DfJ n V(D$) = {u, v}, then (u, S, u);,(~) implies 
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IS > h and IV,l is the maximum number of interior disjoint uv-paths in 
D,(h) of length at least n. On the other hand, let R, be the digraph with 
nodes (0 = U, 1, 2 ,..., 2n-3,2n-2=~} and arcs (i,j) for O<i< j< 
2n - 2. Clearly, (a,, u, u) E an and it is not difficult to see that 
h,(Q,, u, u) = n - 1, therefore, n- 1 <h,. Consequently, since 
a,(h) < {h/h,} and n - 1 < h, we have u,,(h) < {h/(n - l)}. 
3. VARIATIONS AND APPLICATIONS OF THEOREM 1 
We have the following variants of Theorem 1 which can be proved by the 
same methods. First we need some definitions. 
Let H,, H, c V(D) be two set of vertices in D. An H, Hz-path in D is a 
path with initial point in H,, endpoint in H, and its interior points in 
V(D) - (H, U Hz). An H, H,-pseudopath is either an H,H,-path or a 
directed cycle with exactly one point in H, U H, and the others in 
V(D) - W, u Hz)- 
If S c V(D), we write (H,, S, H,): if every H, Hz-path in D of length 
greater or equal than IZ contains at least one point in S. 
THEOREM 2. rf n > 2, S c V(D) and (H,, S, Hz): implies ISI > h, then 
there exist { hf(3n - 2)) pairwise disjoint H, Hz-paths in D of length at least 
n. 
THEOREM 3. Let n > 2. Suppose D is a digraph with the following 
property: for every S c V(D) - (H, U H2) which intersects each H, H,- 
pseudopath of length at least n, we have ISI > h. Then D has {h/(3n - 5)) 
interior disjoint H,H,-pseudopaths of length at least n. 
COROLLARY. Let v,, E V(D) and let D be a digraph satisfying the 
following property: for every S c V(D) - {vO} which intersects each directed 
cycle of length at least n, we have ISI > h. Then D has {h/(3n - 5)} directed 
cycles of length at least n whose pairwise intersection is {v,,]. 
Similar theorems for arrows instead of vertices also hold. 
Let D be a digraph, U, v E V(D) and let S c E(D) be a collection of arcs 
in D. We shall write (u, S, v);, n > 2, iff every u&path in D of length 
greater or equal than n has one arc in S. 
THEOREM 4. Let n > 2, tf S c E(D) and (u, S, v); implies IS I > h, then 
there exist { h/(3n - 2)} arc-disjoint uv-paths in D of length at least n. 
Finally we give an application of Theorem 1. Let D be a digraph; 
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u, u E V(D) and W c E(D). A uu-path in D is called a (k, W)-path if it has 
at least k arcs in W. If S c V(D) - {u, u}, we write (u, S, u)L’*~’ whenever 
every (k, W)-path in D has at least one point in S. 
Let d = Max{ I(T) 1 T is a uv-path in D} and d’ = Max{/(T) 1 T is a u-path 
in D - WI. 
THEOREM 5. If (u, S, u)gy”) implies 1 S I> h, then there exist (h/m} 
interior disjoint (k, w-paths in D, where 
m = 3d’ - 2 if k=l 
and 
m=3kd-5 if k>2. 
Proof: If k = 1, introduce d’ new vertices in the interior of each arc of 
W, and apply Theorem 1 with n = d’ + 1. If k > 2, introduce d - 1 new 
vertices in the interior of each arc of W, and apply Theorem 1 with n = kd. 
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